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LESSONONE
DerivationofEulerandBernoulliEquationofMotion

TheEuler'sequationforsteadyflowofanidealfluidalongastreamlineisarelationbetweenthe
velocity,pressureanddensityofamovingfluid.ItisbasedontheNewton'sSecondLawofMotion.
TheintegrationoftheequationgivesBernoulli'sequationintheform ofenergyperunitweightof
thefollowingfluid.
Itisbasedonthefollowingassumptions:

 Thefluidisnon-viscous(i,e.,thefrictionallossesarezero).
 Thefluidishomogeneousandincompressible(i.e.,massdensityofthefluidisconstant).
 Theflowiscontinuous,steadyandalongthestreamline.
 Thevelocityoftheflowisuniform overthesection.
 Noenergyorforce(exceptgravityandpressureforces)isinvolvedintheflow.

DerivationOfEquation

Letusconsiderasteadyflow ofanidealfluidalongastreamlineandsmallelementABofthe
flowingfluidasshowninfigure.

Let,

 dA=Cross-sectionalareaofthefluidelement
 ds=Lengthofthefluidelement
 dW =Weightofthefluidelement
 P=PressureontheelementatA
 P+dP=PressureontheelementatB
 v=velocityofthefluidelement



Theexternalforcestendingtoacceleratethefluidelementinthedirectionofthestreamline

(1)
Wealsoknowthattheweightofthefluidelement,

Thecomponentoftheweightofthefluidelementinthedirectionofflow,

(2)

Massofthefluidelement=
Theaccelerationofthefluidelement

(3)
Now,asperNewton'ssecondlawofmotion,weknowthatForce=Mass*Acceleration

Dividingbothsidesby

or,

(4)
ThisistherequiredEuler'sequationformotionasintheform ofadifferentialequation.Integrating
theaboveequation,

orinotherwords,

(5)



(5)
LESSON2BERNOULLIEQUATION
TheBernoulliequationshownin(6)aboveisapplicabletonetworkflowthroughapipe.Thevarious
componentsofheadse.gpressure,velocityandpotentialallcontributetothetotalheadexpressed
asH.Themodelisanaddictivemodelinwhicheachofthecomponentscanbetreatedindividually
andalsoasagroupifneedbe.Generallyanalysisisdonefordifferentpoints,e.gpoint1onthe
outletofareservoirtanktopoint2attheoutletnozzleofwaterpumpstand.Andweknowthatthe
totalenergyperunitweightorthetotalheaddoesnotchangei.e itisconstant,butweneedto
determinethisvalueusingtheBernoulliequation.

CASE1–WhenthePipenozzlesareclosed(Figure2)
Infigure2above,thetotalheadlineisshown,andpiezometersareattachedatpoints
alongthepipe,andmeasuredwhenthepipenozzleareclosedi.eatpointofzerovelocity.
(Piezometersaresimplyopenendedverticaltubesfilledwiththesameliquidwhosepressurethey
aremeasuring).Thelevelinthepiezometeristhepressureheadasshowninbernoulliequation.

Figure2:PiezometerLevelwhentheNozzlesareClosed.

Thereforetheexpectedtotalheadforthiscase1is

(6)
CASE2–WhenthePipenozzlesareopendandflowisallowed(Figure3)

Withthenozzlesopened,andwaterflowingwithvelocity=u,thereisthetendencyforthepressure
tofallwhilethevelocityincreasessincethetotalheadwillremainthesame.



.
Figure3:Piezometerlevelwhenthenozzlesareopened.

Thereforetheexpectedtotalheadforthiscase2is

(7)

Thereforefrom figure3,thepressureheadreducesbyanamountequivalenttothevelocityhead.
Sincethepipeisofconstantdiameter,thevelocitythereforewillbeconstantalongthepipesothe
velocityheadandisrepresentedgraphicallybythehorizontallineshown.(thislineisknownasthe
hydraulicgradeline).

CASE3–HeadLossComputation(Figure4)
Therearegenerallyenergylossesduetofrictioninarealworldorder,andmustbetakeninto
account.Howwouldthepressureandhydraulicgradelineschangewithfriction?Goingbackto
theconstantdiameterpipe,wewouldhaveapressuresituationlikethisshownbelow.

Figure4:Headlossesduetofriction
Sinceheadislost,thetotalheadwillthereforenotremainconstantagain.

LESSON3ContinuityEquation

Sincewaterflowsthroughpipesofvaryingconfigurationandsize,thereiseveryneedtoapplythe
continuityequation.

 Mattercannotbecreatedordestroyed-(itissimplychangedintoadifferentform of
matter).Thisprincipleisknowastheconservationofmassandweuseitintheanalysisof
flowingfluids.Theprincipleisappliedtofixedvolumes,knownascontrolvolumes(or



surfaces),likethatinthefigure5:

Figure5:ControlVolume
Foranycontrolvolumetheprincipleofconservationofmasssays

Mass entering per unit time at end 1 = mass leaving per unit time at end 2 =

(8)
Assumingaconstantdensity,

(9)
Thisisthecontinuityequationusefulforthecomputationofflow rateQ.theflow rateacross
differentsectionsisexpectedtobethesame,

LESSON4:TutorialExamples

Example1:Onacircularconduittherearedifferentdiameters:diameterD1=2m changesintoD2
=3m.Thevelocityintheentranceprofilewasmeasured:v1=3ms-1.Calculatethedischargeand
meanvelocityattheoutletprofile(seefig.1).Determinealsotypeofflowinbothconduitprofiles
(whethertheflowislaminarorturbulent)–temperatureofwaterT=12°C

Figure6:Flowthroughapipenetwork

Todeterminetypeofflowinconduit,theReynoldsnumber willbedeterminedconsidering
thefollowingconditions:



Forlaminarflow:2320<Re.
Forturbulentflow2320>Re.

Kinematicviscosityofwaterof12°C(Tableattached)

Example2:Ahorizontalpipelineisattachedtothewallofreservoir(seefigure7).Thepipelinehas
differentprofiles.ThewaterlevelintheupperreservoirisintheheightH=1.5m abovethepipeline
axis.From thelowerendofthepipelinewaterflowsouttotheopenspace.Diametersandlengthsof
pipelinereachesare:D1=0.24m,L1=3m,D2=0.1m,L2=1m,D3=0.12m,L3=2m.Calculate
dischargeinthepipelineanddrawthecourseofenergyline(EL)andpressureline(PL).
Resolvetheproblem:
a)Neglectinglosses(i.e.considertheliquidtobeideal)

Figure7:
Bernoulliequation(BE)andcontinuityequationwillbeusedtosolvetheproblem.UsingBEto
calculatedischarge,itwillbethemostconvenienttostatethedatum (reference)levelattheaxis
ofthehorizontalpipe,andtowritethenBEfortheupperwaterlevel(profile0 pressureonthelevel
isknown-pa),andforthecentreofoutletprofile3(itsposition,referredtothedatum level,ish=
0).Theupperreservoircanbeconsideredtobelarge(itsdimensionsarenotmentionedbecause
theyhavenoimportance)andtheeffectofapproachvelocityuncanbethereforeneglected(i.e.vn
=0).

Arrangingthisequation,meanvelocityinoutletprofilecanbecalculated

Massdischargeiscalculatedfrom continuityequation

Nowitispossibletousecontinuityequationagain,tocalculatevelocitiesinotherprofilesandto
calculatethusalsocorrespondingvelocityheads.



Asdiametersinthesinglereachesofthepipelineareconstant,alsovelocitiesareconstantinthese
reaches.Theenergylineandpressurelinewillthereforebeparalleland,becauseofconsideringthe
liquidtobeideal,theywillbehorizontal.ThentheBEcanbewrittenfor2profiles-thefirstone
situatedatthewaterleveloftheupperreservoir,thesecondonesituatede.g.inthemiddleof
lengthofthefirstreachofpipe(staticpressurethereisstillunknown):

afteritsrearrangement:

Similarly,forthesecondreachofthepipeline:

Intheoutletprofilethereistheatmosphericpressurewhich,inthiscase,willbealsointhewhole
lengthofthelastpipereach.Bothvelocitiesandpressuresareconstantinsinglereachesofpipeline,
energyandpressurelinesarethereforeparallel,asmentioned.Inprofiles,wherethepipediameters
change,thepressurelinechangesitspositionsuddenly.Energylineandpressurelineareseenon
figure8.

LESSON5:MODELLING–Bulkingham piTheorem

Thesmethodisillustrtatedwiththedragforceofashipfloatingonwater.Therearegenerally6
quantitiesnamely:Drag(D),Length(L),Pressure(P),Viscousity(V),Velocity(u)andGravity(G).
Thesearethennoofquantity.TherearealsotheMnoofdimensionsnamely:Mass(M),length(L),
andTime(T).Thesequantitiescanbereducedto(n-m)independentdimensionlessgroupssuchas
ReandFr.

DeterminingDimensionlessquantities

(10)

arethequantitiesofFunctionsign.
Steps

 1 Formingthe group.

Foreachofthe group,takem ofthequantitiesastherepeatingvariables,and known

asM repeatingvariables,andoneoftheotherremainingvariables. Experienceshows



whichquantitymakesthebestrepeatingvariables.The groupingeneralform couldthen
be:

=

=

=

 Setupthe groupforMLTsystem,m=3,i.eMLT,andchoose , ,and asrepeating
variables.
Usingthebulkingham pitheorem ondragforce

M=3,andn=6.

Sotherewillben-m =3 group.
 Select asrepeatingvariable(RV)andleavingD,U,andGasthenonrepeating

variables.
Note:Iftheanalysisisnotworkable,newrepeatingvariablescanalwaysbeselected.

=

=

=
 Whicharealldimensionlessquantitiesof

Expandingandcollectingliketermswecansolvetheexponenets
M:0=X1+1=X1=-1
T:0=Y1-2=Y1=-2
L:0=-3(X1)+Y1+Z1+1=Z1=-2
TheexponenetsareX1,Y1,Z1,-1,-2,and-2.
Thefirstdimensionlessgroupisobtainedbysubstitutingthefollowingbacktotheequation.
Repeatingsimilarproceduretodeterminetheothergroups.

LESSON6;DimensionalAnalysisandSimilitude

WindForceonaVan
Supposeyouaredrivingavandownahighwaywithgustywinds.Howdoesthespeedofyourvehicle
affectthewindforceyouareexperiencing?
TheforceFofthewindonthevaniscertainlyaffectedbythespeedvofthevanandthesurface
areaAofthevandirectlyexposedtothewind'sdirection.Thus,wemighthypothesizethattheforce
isproportionaltosomepowerofthespeedtimessomepowerofthesurfacearea;thatis,

Thedimensionsofthevariablesareasshown



Hencetheaboveequationbecomes

ThislastequationcannotbecorrectbecausethedimensionMformassdoesnotenterintotheright-
handsidewithnonzeroexponent.Thiscanberesolvedbyincludingthedensityfactor.Ifweinclude
thedensity asafactor,thenrefineourmodelbecomes

Thereforetheequationbecomes

Equatingtheexponentsonbothsidesofthislastequationleadstothesystem oflinearequations:

Solutionofthesystem (14.8)givea=2,b=1,andc=1.Whensubstitutingthesevaluesgivethe
model

Thereforeassumingdensitytobeconstantandthat:

LESSON7:ComparingDimensionalAnalysisandExperimentalApproach

ForacontrolledexperimentusingtheDragForceofaShipasillustratedabove,thefollowingsetof
experimentswillbedone.



•Fix , and .Change andmeasure .
•Fix , and .Change andmeasure .
•Fix , and.Change andmeasure .
•Fix , and .Change andmeasure .

ThereforeWeneedtoperform toomanyexperiments.
Itispossibletosimplifythedependencyofdragforceonothervariablesbyusingnondimensional
(unitless)parameters.

Tofindthisnewrelation,weonlyneedtochangetheReynoldsnumber.Wecandoitinanywaywe
want,e.g.thesimplestwayistochangethespeedofairflowinawindtunnel.
ThiseasesthestressofofconductingfourdifferentexperimentstodetermineDragforce.

SummaryoftheBasicstepsindimensionalanalysisisthus:

 Step1:Listallthedimensionalvariablesinvolvedintheproblem.E.gnoofdimensional
variables,basicunitsofdimensions,andthedimensionlesspigroups.

 Step2:Expresseachofthevariablesintemsofbasicdimensions,whichof :length, :

time, :mass.E.g

Variableshavingonly intheirdimensionarecalledgeometricvariables.
Variableshavingonly orboth and arecalledkinematicvariables.
Variableshaving intheirdimensionarecalleddynamicvariables.

 Step3:DeterminetherepeatingvariablesthatareallowedtoappearinmorethanonePi
group.Thereshouldbe manyrepeatingvariables.
If isaprimarydimensionoftheproblem,weshouldselectonegeometricvariableasa
repeatingvariable.



If isaprimarydimensionoftheproblem,weshouldselectonekinematicvariableasa
repeatingvariable.
If isaprimarydimensionoftheproblem,weshouldselectonedynamicvariableasa
repeatingvariable.

LESSON8:ModelandPrototype

Inexperimentalfluidmechanicswesometimescannotworkwithrealsizedobjects,knownas
prototypes.Insteadweusescaleddown(orup)versionsofthem,calledmodels.
ThreeBasicLawsofSimilitude
Geometricsimilarity:Modelandprototypemustbethesameinshape,butcanbedifferentinsize.
Alllineardimensionsofthemodelberelatedtocorrespondingdimensionsoftheprototypebya
constantlengthratio, .

2.Kinematicsimilarity:Modelandprototypeflowfieldsarekinematicallysimilarifthevelocitiesat
correspondingpointsarethesameindirectionanddifferonlybyaconstantfactorofvelocityratio,

.

3.Dynamicsimilarity:Twoflowfieldsshouldhaveforcedistributionssuchthatidenticaltypesof
forcesareparallelandarerelatedinmagnitudebyaconstantfactorofforceratio.
Ifacertaintypeofforce,e.g.compressibilityforce,ishighlydominantintheprototypeflow,it
shouldalsobedominantinthemodelflow.Howsuitablewoulditbetouseawatertunneltostudy
theaerodynamicforcesactingonasupersonicmissile?Ifacertaintypeofforce,e.g.surface
tensionforce,isnegligiblysmallintheprototypeflow,itshouldalsobesmallinthemodelflow.How
suitablewhoulditbetouseaverylightandverysmallmodeltotesttheforcesactingonaship?
Toestablishdynamicsimilarityweneedtodeterminetheimportantforcesoftheprototypeflow
andmakesurethatthenondimensionalnumbersrelatedtothoseforcesarethesameinprototype
andmodelflows.

LESSON9:STABILITYOFFLOATINGBODIES

AfloatingbodyisSTABLEif,whenitisdisplaced,itreturnstoequilibrium.



AfloatingbodyisUNSTABLEif,whenitisdisplaced,itmovestoanewequilibrium.
ConsiderafloatingbodytiltedbyanangleΔθ,asshownbelow.FortheuntiltedbodythepointGis
thecentreofgravityofthebodywherethebodyweight,W,acts.ThepointBisthecentreof
buoyancy(thecentroidofthedisplacedvolumeoffluid)wheretheupwardbuoyancyforce,F

B
,acts.

Whenthebodyistiltedthecentreofbuoyancymovestoanewposition,B',becausetheshapeof
thedisplacedvolumechanges.Anewpoint,M,maybedefined,calledtheMETACENTRE.Thisisthe
pointwhereaverticallinedrawnupwardsfrom thenewcentreofbuoyancy,B',ofthetiltedbody
intersectsthelineofsymmetryofthebody.Thebuoyancyforce,F

B
,nowactsthroughB'.

From thecentrediagram inthefigurewecanseethatW andF
B

giveaRESTORINGMOMENTthat

rotatesthebodybacktoitsuntiltedposition.From therighthanddiagram inthefigurewecansee
thatW andF

B
giveanOVERTURNINGMOMENTthatrotatesthebodyevenfurtherinthetilted

direction.
Hence,wecansay;ifthemetacentre,M,liesabovethecentreofgravity,G,thenthebodyisstable.
InotherwordstheMETACENTRICHEIGHT,MG,ispositive(MG=z

M
-z

G
>0).Ifthemetacentre,M,lies

belowthecentreofgravity,G,thenthebodyisunstable.Inotherwordsthemetacentricheight,MG,
isnegative(MG<0).



LESSON10:Buoyancy

PRINCIPLES

 Buoyance:Itisanupwardthrustexertedbyaliquidonabodyfloatingorimmersedinit.Itis
equaltotheweightoftheliquiddisplacedbythebody.

 ArchimediesPrinciple:Wheneverabodyimmersedwhollyorpartiallyinaliquiditisacted
uponbyaverticalupwardliquidthrustequaltotheweightoftheliquiddisplaced.

 CenterofBuoyancy:Itisthepointatwhichthebuoyancyorupwardliquidthrustacts.The
centreofbuoyancywillbethecentreofgravityofthefluiddisplaced.

Whenasolidobjectiswhollyorpartlyimmersedinafluid,thefluidmoleculesarecontinually
strikingthesubmergedsurfaceoftheobject.Theforcesduetotheseimpactscanbecombinedinto
asingleforcethebuoyantforce.Theimmersedobjectwillbe“lighter”i.e.Itwillbebuoyedupbyan



amountequaltotheweightofthefluiditdisplaces.

Floating:partiallysubmerged
 Weightofobject<weightoffluidthatcanbedisplacedbyobject.
 Volumeofdisplacedwater<volumeofobject.
 Weightofliquiddisplacedbypartiallysubmergedobject=weightofobjectWater

Floating:fullysubmerged
 Weightofobject=weightoffluiddisplacedbyobject.
 Volumeofdisplacedwater=volumeofobject

Sinks
 Weightofobject>weightoffluiddisplacedbyobject.
 Volumeofdisplacedwater=volumeofobject.

Pressureinaliquid

Atmosphericpressurep0pushesdownwithforceofp0A.Theweightofthecolumnpushesdown
withforcemg.Foraliquidwithdensityρ,m=ρV=ρAd.
Becausetheliquidisinstaticequilibrium,theup

Somerulesforpressure
Pascal’slaw:Apressurechangeatonepointinanincompressiblefluidappearsundiminishedatall
pointsinthefluid.AforceFisappliedtoapistonofareaA,increasingthepressurebyF/A.



LESSON11&12
TutorialexamplesusingthemanualTitled-BuoyancyandFlotationTutorialExample.Thismaterialis
acompilationofvariousexamples.


